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1. Statement of the problem. let us consider a denumerable
system of differential equations

dx
57 =0, %, Ty o)+ £, (82, Ty - ) =1,2...) (1.1)
Here, t is a real independent variable; x,, xz,, ... are real unknown
functions of t; w;, @,, ... are given real functions of the quantities

t, x;, %5, ... in some region
t>0, supliz], |z],...1<L (1.2)

The functions f,, f,, ..., which in the sequel will be called dis-
turbances, are in general unknown, but they satisfy within the region
(1.2) the condition

‘fa(t’ xhxz’"')l<p (s=1’2"") (1'3)

where p > 0 is some quantity determined in each case for the particular
problem under consideration.

let us assume that the right-hand sides of the system of Equations
(1.1) satisfy within the region (1.2) the following conditions:

1) The functions o, and f_are single-valued and continuous in t at
each point of the region (1.2).

’ "

2) For any two points (¢, x,’, x,', ...) and (t, x,", x,", ...) we
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have the inequality

los(t, 2", 2", ... ) — o (8,2, 2, ...) | < AAz (5=1,2,...) (1.4)

where A is some constant, and Ax = sup [lxl"— xz'l, Ixz
The disturbances f_, too, satisfy the inequality (1.4).

It is known [1] that under the conditions imposed on the right-hand
sides of the system of Equations (1.1), this system admits a solution,
and every equicontinuous solution which passes through a given point
(t,, %, x5, ...) of the region (1.2) will be unique. A solution will
exist, at least, for all those values t >t >>0 for which its norm does
not exceed a number L.

We will consider the following three regions, which we will call
"rings":

t >0, Lo<Ksup [ |21, |22, -0 1 (1.5)
t>0, l<sup[|x1],]$z];-~-]<L (1'6)
>0, ly<{sup(|zi, |%), - 1<L (1.7)

Besides the system of Equations (1.1), we will consider the system of
differential equations without disturbances

dx,

o =0 (0,7, %, . .0) (s=12,...) (1.8)

Definition 1.1. A solution of the system of Equations (1.8) will be
said to be stable "in the large" under constantly acting disturbances,
if for any initial value t = t;, >0 there exists a number p = p(t,) > 0
such that every solution of the system of Equations (1.1), which passes
through a point of the region

sup [z |, | 2o, ... I
will satisfy the inequality

sup [ |zy], |%|,...1<L

for all t > t;, and for arbitrary disturbances satisfying (1.3). In the
opposite case we will say that the solutions of the Equations (1.8) are
unstable "in the large" under constantly acting disturbances.

If the solution is stable, and if the number g > 0 can be selected
independently of t, > 0, then this solution of the system (1.8) will be
called uniformly stable "in the large" under constantly acting dis-
turbances.

Definition 1.2. We shall say that the solutions of the system of
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Equations (1.8) have total, strong instability "in the large" under con-
stantly acting disturbances if for every p > 0 the solution of the Equa-
tions (1.1) that passes through an arbitrarily chosen point (t,, x,

Xy, ...), and satisfies the condition

Sup[lxloi, Ixzol,...]:‘—l

will satisfy the inequality

sup[|z], |22},...1>L
under arbitrary disturbances and for some t > t,.

2. Some theorems. We will consider real functions V(t, Xy, Xgye..)
of the variables ¢, x;, x;, ... . The functions are assumed to be defined,
and continuous in the ring (1.7).

Definition 2.1. The function V(t, x,, %,, ...) is said to be of con-
stant sign if the inequality

V(t,z,25,...) >0 (or V(t, 2,25 ...)<0)

is satisfied in the ring (1.7).

Definition 2.2. A function V(¢, X, %, ...) that is of a constant
sign in the ring (1.7) will be said to be sign-definite if its
sup [|W(t, Xy, Xy, ...)|], for t 220, on the surface sup [lxl|, lle,
...1 = l,is not greater than its inf [lV(t, Xy, %y, ...)]] on the surface
sup [lxl‘, |x2|, ... =L

Definition 2.3. A function V(t, x,, x,, ...), that is of constant

sign, will be said to be totally sign-definite if, in the ring (1.7), the
inequality

V(t’xl’xz)"')>ﬁ (or—V(t,xl,x2,...)>B)
is valid when P is some constant.

We will assume that the function V(t, x,, x,, ...) satisfies, in the
region (1.2), the Lipschitz condition

|V (¢ + ALz 2y )=V (G2, 2. ) | <k (At + A)  (2.4)

where k > 0 is some constant, while Ax = sup [|xl"— xl'l, ‘x2"— xz'L
...J. It follows from [2] that the function V(t, Xy, %y, ...) has, in the
region (1.2) along any integral curve of the system (1.1), or of the
system (1.8), a total derivative in t (for almost all values of t). We
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will denote this derivative by dV/dt, or by V’'. These will, in turn, re-
produce the original function, i.e. we have the equations

t t
d "
Vv =V(to,xm,x2o,...)-}—87u-dr, V =V (b, 210, Taoy - - - ) - SV dt

1y to

where the integrals are taken in the sense of lebesgue. For the sake of
definiteness, one may consider the expressions

dV dV ’ ’

@), @ v
(which exist at every point of the integral curve, and are equal for
almost all values of t) as dV/dt, and V'.

Theorem 2.1. let V(t, X;, %, ...) be a function that satisfies the
condition (2.1) in the ring (1.6). Then the inequalities

Gorifam [g-vla

will be valid in (1.6) at almost all points of any integral curve of the
system of Equations (1.1).

Proof. let y,, y,, ... be a solution of the equations without dis-
turbances, that passes through an arbitrarily chosen point (¢, x,,%,,...
of the region (1.2), and let z,, z,, ... be a solution of the Equations
(1.1) which passes through the same point (t, x,, %,, ...). Then we will
have

t-At t+At

2y = Zg -4 S s (T, 21, 29, . . . )dT + S Js (T, 21, 29, . .. ) dT

t t

+-At
Ys = Ls -+ S O (T, Y1, Yo, - - - ) AT s=1,2,...)
i
Setting w_ = z_ -y, (s=1, 2, ...), we obtain

t+At
W; = S [ms(f,zhzm .. o)—'ﬁ)s(f,yl:?/z, . ')+fs("[':zlyz2: .. )]dT
t

(s=1,2,...)
from which it follows that
At
|ws | << S Al widr + pAt (s=1,2,...)

{
and, therefore
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t+at
lwl< | 4lwjde + pat
{
where we assume that At > 0, and where |w| = sup [|w1|, ‘w2|,

(2.2)

Let u be a solution of the equation
t+At

u= S Audv + pAt
?
Then it is obvious that |v|<Cu, i.e.

AAt
‘“”"sg-i—jq——i'P

Suppose that y is an arbitrarily chosen integral curve of the system
of Equations (1.1). Since dV/dt exists for almost all values of t on

this integral curve, we may assume that dV/dt exists at a point (t, Xy,
%y, ...). The expressions dV/dt and V,’ may be written in the form

d_V= lim V(t—*—At,Zl,Zz,...)——V(t,z1,$z,.. )

@t Atso At . (@3)
V+, — lim V(t+Atr Y1, Yo, . "AZ_V(t) Ty, T, - . ‘) (2‘4)
At->0

where we mean by the expression At — 0 the set of all those values of
At = 0 for which the limit V.’ exists.

On the basis of the condition (2.1) and the inequality (2.2), we will
have

AAL
lV(t_*—Atrzl;z%-")_V(t+At1y17y27~")l<k“w“<kiT;l_p
It follows then from (2.3) and (2.4) that
dav )
'2?'_'V+ ke

In an analogous way one can show that

5|

Theorem 2.2. If the system of differential equations without dis-
turbances is such that there exists, in the ring (1.6), a sign-definite

function ¥(t, x,, x,, ...), satisfying the Lipschitz condition (2.1),
whose derivative V'(t, Xy, X,

..), in view of these equations,is in
the ring (1.6) a totally sign-definite function of opposite sign from

V(t, x;, %,, ...), then the solutions of the system will be stable in
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the large also under constantly acting disturbances.

Proof. For the sake of definiteness we will assume that the function
V(t, x;, x,, ...) is positive definite in the ring (1.6). Under this con-
dition, its derivative V'(¢, Xy, %y, ...) will be negative and a totally
sign-definite function satisfying in the ring (1.6) the condition
-Vt x), x5, ...} >B.

By Theorem 2.1 we then have

sV kB k>

provided the quantity p is chosen so that p < 3/2k. Therefore, we have
the inequality

V8
in the ring (1.6).

Let us suppose that the system of Equations (1.1) has a solution
yo =¥,(t) (s =1, 2, ...), which on some segment [t', t"] satisfies the
conditions

sup |y ()]s g2 (E) )]s . 1=1, sup [ |y (")), |9 ],...1=L
and on the interval (t’, t"”) the condition

l<sup[ly1(t)lr |y2(t)ly"']<L

Then we have

"
dV " 4
Vt”=th+S——t—'dT<V['—%(t —t)<Vt'<Tl (2‘5)
b
Vie > (2.6)
Here,
Ti = sup [V(t!xhxm"')] when Sup[lxl,’ lx2|’“']=l
YL=1inf [V (8,21, 2,,...)] when sup[|z], [m],...]1=L

Since by the hypothesis of the theorem y;<(y,, ‘the inequalities
(2.5) and (2.6) are contradictory, and, hence, the assumption on the in-
stability is not valid, i.e. we will have stability, and, as a matter of
fact, uniform stability, as is easily seen.

Theorem 2.3. If the system of differential equations without dis-
turbances is such that there exists a sign-definite function
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V(t, x,, x,, ...) which is bounded in the ring (1.7), and which satisfies
in this ring the condition (2.1), while in the ring (1.5) this function
is sign-definite, and its derivative V'(t, x;, z,, ...) is a totally
sign-definite function in (1.7) with the same sign as ¥(¢t, x;, x,, ...),
then the solutions of the system will have total, strong instability "in
the large" under constantly acting disturbances.

Proof. For the sake of definiteness let us assume that the function

V(t, x, x,, ...) is positive definite in the ring (1.5). Then its deri-
vative V'(t, x;, z,, ...) will be totally positive definite in the same
ring.

By the hypothesis of the theorem, if we set
11,=sup [V (¢, 21, 2,,...] when £ >0, sup [ |z, [2a],...1=1

then we will have the inequalities

Tl.<Tl=inf[V(t,$1,x2,..-)] when >0» SuP”"‘ll: lxﬂl»---]=l
V'8 when t>0, h<sup[{ol, [m],...1<L
VM when : >0, bKsup|a|, |#a],...1<L

Suppose that
zy =41 (2), Za=Yz(t)y .- (2.7)

is a solution of the system of Equations (1.1) which passes through an
arbitrary point (t;, x4, %,,, ...) satisfying the condition

sup[lzm|, Izzol,-..]=l
Let us suppose that [ty, t;] is a segment such that for all values of
t satisfying the inequality t;, <t {t, we have the inequality
L <<supily (), |92(®)],...1<L

On the basis of the Theorem 2.1, we can see that for the segment
[t,, t;], along an integral curve of (1.1), the inequality dV/dt> p/2
will be valid for almost all t on this segment, provided p < B/2k.

If t € [t,, t,], then

t

Vi =V,.+S %df}Vt.—}-%(t—to) >Vizn>n,

te

Vt > Vl. (2'8)
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Therefore, for all values t & [to, tl], we have the inequality
sup [Iyl(t)l, |y2(t)', ...1 > 1,. In the opposite case, there would exist
a value t > t, such that V,<CV,, which would contradict (2.8).

On the other hand, for the indicated value t € [to, tl] we have the
inequality

M>V>n+5@¢—t) (2.9)

Since the right-hand side of the inequality (2.9) cannot hold for
values of t such that

M—
t>2—--§ﬁ+t0

there must exist a value

t=1t">1, (t'<2M-B—Tl°+to>,

such that
sup [{#1 ()], {9 ()}, ... 1=L

This implies that the solutions of the system of Equations (1.8)
possess total, strong instability "in the large" under constantly acting
disturbances.
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